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Venn diagram for two entropies




Venn diagram for two entropies

u(A\B) = n(AU B) — u(B) =2 0
n(B\A) = n(AUB) — u(A) 2 0
(AN B) = pu(A) + u(B) — n(AUB) =0

n(A) + p(B) = n(AUB) > u(A), u(B) =0



Venn diagram for three entropies

» Multivariate mutual information
I(X;Y;Z)=H(X)+H(Y)+ H(Z)
—-HX,)Y)-H(X,Z)-H(Y,Z)
+ H(Z,Y,Z2),

> Yeung: correspondence between
entropy and signed measure

» Multivariate mutual information has
“no intuitive meaning”




Marginal information sharing

Johnny Alice
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Knows: P(X,Y) P(X)

Bob
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Realisation: (z,9) x
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Marginal information sharing

Observations:

Knows:
Realisation:

Information:

Venn diagram:

Johnny Alice
o °?
(X,Y) X

P(X,Y) P(X)
(z,y) z
h(z,y) h(z)

o O
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Marginal information sharing

Johnny Alice
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(x,y) h(z)

Venn diagram: Q Q
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Marginal information sharing

Johnny Alice
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(x,y) h(z)

Venn diagram: @ Q

Bob
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Marginal information sharing

Johnny Alice
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(x,y) h(z)

Venn diagram:

Bob

~<§J

= =
OEAG

O

Eve

P(X) & P(Y)
(z,9)



Marginal information sharing

Johnny Alice
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(x,y) h(z)
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Marginal information sharing

Johnny Alice
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(z,y) h(z)

Venn diagram:

Bob

~<§J

= =
NG

O



Venn diagram for information content

» Johnny has at least as much
information as Alice and Bob

h(z,y) > h(x), h(y) > 0

h(zly) = h(z,y) = h

y y) >
h(ylz) = h(z,y) — h

z) 2

(
(

» Indy can have more or less information than Johnny, i.e. the pointwise mutual
information is not non-negative

i(x;y) = h(x) + hy) — h(z,y)



Venn diagram for information content

» Johnny has at least as much
information as Alice and Bob

h(z,y) > h(x), h(y) > 0

h(zly) = h(z,y) = h

y y) >
h(ylz) = h(z,y) — h

z) 2

(
(

» Indy can have more or less information than Johnny, i.e. the pointwise mutual
information is not non-negative

i(x;y) = h(x) + hy) — h(z,y)

> Sometimes Indy thinks he has more information than Johnny despite knowing less



Marginal information sharing

Johnny Alice
A ?
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(z,y) h(zx)

Venn diagram: Q Q

Bob
3
Y
P(Y)
Yy
h(y

O

~—

Eve

s
P(X) & P(Y)
(x,y)

» Eve should have at least as much information as Alice and Bob, but no more than Johnny



Marginal information sharing

Johnny Alice
A ?
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(z,y) h(zx)

Venn diagram: Q Q

B
a
\
Y
P(Y)
y
h(y

O

ob

~—

Eve

s
P(X)s& P(Y)
(z,y)
max (h(a:), h(y))

» Eve should have at least as much information as Alice and Bob, but no more than Johnny
> Itis not difficult to see that Eve’s information is given by h(z U y) := max (h(z), h(y))



Marginal information sharing

Johnny Alice
e 3
a0 ,
Observations: (X,Y) X
Knows: P(X,)Y) P(X)
Realisation: (z,9) x
Information: h(z,y) h(zx)

Venn diagram: Q Q

B
&
\
Y
P(Y)
Y
h(y

O

ob

~—

Eve

s
P(X)s& P(Y)
(z,y)
max (h(a:), h(y))

=)

» Eve should have at least as much information as Alice and Bob, but no more than Johnny
> Itis not difficult to see that Eve’s information is given by h(z U y) := max (h(z), h(y))



Union and intersection information content

> Union information content h(y) = h(zMy)
h(z Uy) = max (h(z), h(y))
satisfies

h(z)+h(y) > h(zUy) > h(z), h(y) > 0 Rh(z) = h(zUy)



Union and intersection information content
» Union information content h(y) = h(xzMy)
h(z Uy) = max (h(z), h(y))
satisfies

h(z)+h(y) > h(zUy) > h(x), h(y) > 0 N h(x) = h(xly)

> Unique information content
hz ~y) = h(z Uy) — h(y)
= max (h(z) — h(y),0) >0
h(y ~ @) = h(z Uy) — h(z)
= max (0, h(y) — h(z)) >0



Union and intersection information content

» Union information content h(y) = h(zMy)
h(z Uy) = max (h(z), h(y))
satisfies

h(z)+h(y) > h(zUy) > h(zx), h(y) >0 RNh(z) = h(zUy)

> Unique information content

h(z \y) =h(zUy) — h(y) > Intersection information content
= max (h(z) — h(y),0) >0
h(y ~ @) = h(z Uy) — h(z)
= max (0, h(y) — h(z)) >0

h(zMy) = h(z) + h(y) — h(z Uy)
= min (h(z), h(y)) > 0.



Union and intersection information content

> Union information content h(y) = h(zMy)
h(z Uy) = max (h(x), h(y))
satisfies

h(z)+h(y) > h(zUy) > h(zx), h(y) >0 RNh(z) = h(zUy)

> Unique information content

h(z \y) =h(zUy) — h(y) > Intersection information content
= max (h(z) — h(y),0) >0
h(y ~ @) = h(z Uy) — h(z)
= max (0, h(y) — h(z)) >0

h(zMy) = h(z) + h(y) — h(z Uy)
= min (h(z), h(y)) > 0.

» Decomposition
h(zUy) = h(zNy) +h(z\y) +h(y \ 2)



Synergistic information content

» Eve has no more information than Johnny
h(w,y) > h(z Uy)




Synergistic information content

» Eve has no more information than Johnny
h(z,y) > h(z Uy)

» Synergistic information content
hz @ y) = h(z,y) — h(zUy)
= min (h(y|z), h(zly)) > 0




Synergistic information content

» Eve has no more information than Johnny
h(z,y) > h(z Uy)

» Synergistic information content
hz @ y) = h(z,y) — h(zUy)
= min (h(y|z), h(zly)) > 0

» Mutual information content
i(z;y) = hzUy) —h(zDy)




Synergistic information content

» Eve has no more information than Johnny
h(z,y) > h(z Uy)

» Synergistic information content
hz @ y) = h(z,y) — h(zUy)
= min (h(y|z), h(zly)) > 0

» Mutual information content
i(z;y) = hzUy) —h(zDy)

» Decomposition
h(z,y) = h(z~y)+h(y~z)+h(zy)+h(zdy)




Union and intersection entropy

» Union entropy
H(XUY)=Exy[h(zUy)]
satisfies
HX)+HY)>HXUWY)>H(X),HY)>0

» Unique information content
9 > Intersection information content
H(X\Y) =Exy [h(z \y)]

H(Y\X) =Exy[h(y \ z)] HXNY)=H(X)+H(Y)-HXUY)

= EXY [h(.’L‘ M y)]

» Decomposition
HXUY)=H(XNY)+ HX\Y)+ HY\X)



Union and intersection entropy

» Union entropy
H(XUY)=Exy [h(zUy)]

satisfies

H(X)+H(Y) > H(XUY) > H(X), H(Y) >0 SN R
H(XUY)

» Unique information content o )
» Intersection information content

H(X\Y) = Exy [h(z ~ y)]

—HX)+HY)-HXUY
H(Y\X) = Exy [h(y ~ 2)] H(XNY) = HX)+HY) - HXUY)

= EXY [h(.’L‘ [l y)]

» Decomposition
HXUY)=H(XNY)+ HX\Y)+ HY\X)



Synergistic entropy

> Synergistic entropy
HX®Y)=HX,Y)-H(XUY)
= Exy[h(z®y))] 20

» Mutual information
I(X;Y)=H(XUY)-H(Xa®Y)

» Decomposition
HX)Y)=HX\Y)+HY~NX)+HXNY)+ HXaY)



Generalised marginal information sharing

> Idempotent
h(zUz) = h(z)
h(zMz) = h(z)



Generalised marginal information sharing

> Idempotent
h(zUz) = h(z)
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» Commutative

h(zUy) =h(yUz)
h(zMy) = h(yNz)



Generalised marginal information sharing

> Idempotent
h(z U x)
h(zMax

» Commutative
h(zUy) =h(yUz)
h(zMy) = h(yNz)

> Associative
h(zUyUz)=h((zUy =
h(zMyNz)=h((zNy)Mz) =h(zM(yrz))
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Generalised marginal information sharing

> [dempotent » Absorption
h(zUz) = h(z) h(zU(x
h(zMz) = h(z) h(x

» Commutative
h(zUy) =h(yUz)
h(zMy) = h(yNz)

> Associative
h(zUyUz)=h((zUy =
h(zMyNz)=h((zNy)Mz) =h(zM(yrz))

~—
[
N
~—
|
>
—~
8
—~
<
C
N
~—



Generalised marginal information sharing

> [dempotent » Absorption

» Commutative
h(zUy) = h(yUz)
h(zMy) = h(yNz)

» Distributive
h(x U (y M z)) =
h(:v n(y U z)) =
> Associative

h(zUyUz)=h((zUy =
h(xl‘lyl‘lz)zh((xl‘ly)l‘lz) =h(x|‘|(y|‘|z))
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h(zUyUz)

a= h((xl_ly)ﬂ(act_Iz)Fl(yUz))
=h((zU(yNz)N(yU(znz))) / \
=h((zu(yn2)N(zU(zNy))) muy) h(zUz) h(yUz)

=h((yu(zN2)) N (zU(zNy)))

=h((yN(zUz) U (zN(zUy))) ( X >(
=h((zN(yuz)U(zn(zuy))) hCEU (yz)) h(zU(zMy)) =
— (=1 (yU2) U (g (U 2) ny)ﬂ(xUz) xl_lz )M(yuy )
h((zﬂy) (I‘Iz)u(yﬂz))

b=h(yU (zM2)) = h((z Uy) N (yU2)) h(x)

c=h(yN(zUz)) =h((zNy)U(ynz))

h(zﬂ yuz muy)—

>

(@ Uy) ((zny u(az)ﬂZ h I_l(yl_lz

AN
h(y) h(zMy) h(zMz) h(yl‘lz)
/

(zNy) \\ /

h(zMymMz)

N

h(z

>



Birkhoff’s representation theorem @
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h(@,y, 2)
Partial information decompostions /

h(z,y) h(z,2z) h(y,=2)

a

h((2,y) M (z,2) M (y, 2))

= h((z,y) M (y,2)) h((z,y) N (,2)) (y z))
=h(yn(z,2)) /
/ ><h(y) h(z
h(z M (y,2)) h(z N (z,y))
RO
h(x) h(y) h(x My) h(xMz) h(y N




Questions?

> Paper is available on Arxiv
—https://arxiv.org/abs/1909.12166/
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